We consider Detweiler's redshift variable z for a nonspinning mass m1 in circular motion (with orbital frequency Ω) around a nonspinning mass m2. We show how the combination of effective-one-body (EOB) theory with the first law of binary dynamics allows one to derive a simple, exact expression for the functional dependence of z on the (gauge-invariant) EOB gravitational potential u = (m1 + m2)/R. We then use the recently obtained high-post-Newtonian(PN)-order knowledge of the main EOB radial potential A(u; ν) [where ν = m1m2/(m1 + m2) 2 ] to decompose the second-self-force-order contribution to the function z(m2Ω, m1/m2) into a known part (which goes beyond the 4PN level in including the 5PN logarithmic term, and the 5.5PN contribution), and an unknown one [depending on the yet unknown, 5PN, 6PN, . . ., contributions to the O(ν 2 ) contribution to the EOB radial potential A(u; ν)]. We indicate the expected singular behaviors, near the lightring, of the second-self-force-order contributions to both the redshift and the EOB A potential. Our results should help both in extracting information of direct dynamical significance from ongoing second-self-force-order computations, and in parametrizing their global strong-field behaviors. We also advocate computing second-self-force-order conservative quantities by iterating the time-symmetric Green-function in the background spacetime.
I. INTRODUCTION
In recent years, a useful synergy has developed between various approaches to the general relativistic twobody problem. The effective one-body (EOB) formalism [1] [2] [3] [4] has played a special role within this synergy because it can incorporate information coming from very different ways of tackling the two-body problem, such as post-Newtonian (PN) theory, self-force (SF) theory, and numerical relativity.
The aim of the present work is to give explicit formulas exhibiting the connection between Detweiler's [5] The tools we shall use to connect the expansions (1.6) and (1.7) are, on the one hand, the basic EOB results about the energetics of circular orbits [6] , and, on the other hand, the first law of binary dynamics [7] . The use of these tools at the first SF (1SF) order has led to a simple relation between the O(ν) contribution, a 1 (u), to the EOB A potential, Eq. (1.6), and the 1SF (i.e., O(q)) contribution, z 1SF (y), to the redshift, namely [8] z 1SF (y) = a 1 (y) √ 1 − 3y + y(1 − 4y) 1 − 3y .
(1.8)
Note in passing that the first derivation of Eq. (1.8) proceeded via the functional link E(x) between the energy of the binary system and the frequency parameter x = [(m 1 + m 2 )Ω] 2/3 , and, in view of the results of Ref. [9] , had to solve a first-order differential equation in z 1SF to get the simple link (1.8) . A direct proof that the link between z 1SF and a 1 is algebraic, and does not involve any differentiation, has been recently given in Eq. (2.9) of Ref. [10] , using general properties of Legendre transforms. The link (1.8) relates the two functions z 1SF (·) : y → z 1SF (y) and a 1 (·) : u → a 1 (u), as defined by the expansions (1.7) and (1.6). Beware, in particular, that when performing SF expansions in powers of q = m 1 /m 2 , we keep both m 2 and Ω (and therefore y = (m 2 Ω) 2/3 ) fixed. In some papers (and, notably, in Refs. [8, 9] ), one expands z in powers of ν, keeping x = [(m 1 + m 2 )Ω] 2/3 fixed. This changes the meaning of the expansion coefficients in
For instance, in view of the (exact) relations
[Here, as elsewhere, z 1SF (x) (x) and z 1SF (x) denote the values of the functions z The 1SF-order link (1.8) has been quite useful for translating 1SF results on the redshift into dynamical information of relevance for binary systems [8, 9, [11] [12] [13] [14] [15] [16] [17] .
Note, in particular, that the recent derivation of the 4PN dynamics [18] [19] [20] (see also [21] ) has made a crucial use of the 1SF results of Ref. [14] . Similar links have extracted useful dynamical information about more complicated binary configurations (eccentric, spinning, tidally interacting) from corresponding 1SF results [6, 10, [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] .
In this work, we shall consider the simplest (circular, nonspinning) binary configuration, but we shall generalize the first SF-order link (1.8) to the second SF-order. Indeed, after preparatory theoretical works on secondorder SF (2SF) theory [34] [35] [36] [37] , there now seems to exist practical means of concretely computing 2SF effects. In particular, Ref. [38] has shown how to implement, and compute, Detweiler's redshift functions (1.1), (1.2) at the 2SF level, so as to provide a 2SF gauge-invariant measure of the conservative effects on (quasi-)circular orbits. Note that there are subtleties in the definition of the conservative dynamics at the 2SF order, which are linked to delicate infrared effects [39] . Some of these subtleties have been recently addressed, within the postMinkowskian theory of Fokker actions [40] , in the discussion of the nonlocal 4PN action [20] . We shall comment again on these subtleties in our Conclusions. Separately from these, our text will show how to transcribe a conservative 2SF redshift into a corresponding 2SF contribution to the conservative EOB Hamiltonian.
II. THE REDSHIFT IN THE EOB FORMALISM
Let us first show how one can derive an exact expression for the redshift 1 z 1 = z, Eq. (1.1) of the particle m 1 as a function of the EOB gravitational potential u = M/R. We recall that Ref. [7] (see also [41] ) has shown that z 1 and z 2 (along circular orbits) are related to the Hamiltonian of the binary system by
Here P φ is the total angular momentum of the system, which must be kept fixed during the differentiation with respect to (wrt) the masses. The superscript "circ" indicates that one works along the sequence of circular orbits, submitted to the constraints
Because of the latter constraint [and of the O(P 2 R ) dependence of H], one can also (as indicated above) evaluate z 1 by first imposing the constraints (2.2) to express H as a function of P φ and the masses, and then differentiating the resulting function H circ (P φ , m 1 , m 2 ) wrt m 1 (keeping P φ and m 2 fixed).
EOB theory expresses the Hamiltonian of the binary system in the form
where the effective Hamiltonian H eff reads
Here, B and Q are EOB potentials associated with the description of eccentric orbits. [We use the DamourJaranowski-Schäfer gauge [3] in which Q = O(P 4 R ).] When considering the energetics (and the redshift) along circular orbits one can set P R = 0 from the beginning so that the extra EOB potentials B and Q disappear, and all results will only depend on the main EOB radial potential A(u; ν). More precisely, the effective potential determining the sequence of circular orbits can be taken as beingĤ
The condition (∂H/∂R) P φ = 0 is equivalent to the condition (∂Ĥ 2 eff /∂u) p φ = 0 and yields the circular condition
where we have defined (following [42] )
On the other hand, before inserting the circular solution (2.7), the partial derivative of (2.3) wrt P φ yields the orbital frequency
In EOB (and PN) theory it is convenient to work with the dimensionless variables M Ω, u, p φ ,Ĥ eff and
In terms of these, Eq. (2.9) reads
The use of the circular condition (2.7) allows one to express all physical quantities, along the sequence of circular orbits, as explicit functions of u. In particular, we havê
and
We can also straightforwardly evaluate z 1 and z 2 from Eqs. (2.1). In doing so, we must remember that P φ ≡ m 1 m 2 p φ must be kept fixed during the differentiation wrt the masses. Alternatively, we can compute the total derivative of H along the sequence of circular motions (parametrized, say, by u, m 1 and m 2 ) using the identity [7] 
After some simplifications, one finds that z 1 and z 2 can be expressed by compact, explicit functions of u, namely 16) where
, and where all other variables are considered as functions of u and ν (with ∂ ν A ≡ ∂A(u; ν)/∂ν). Note that X 1 + X 2 = 1, ν = X 1 X 2 and that, under the convention m 1 ≤ m 2 , one has
In order to compare the result (2.15) to SF calculations, in which z = z 1 is considered as a function of Ω, see Eq.
(1.7), we need to invert the function u → Ω defined by Eq. (2.13). This is straightforward to do, if one expands in powers of ν or q. Indeed, as A(u; ν) = 1−2u+O(ν), we see that Eq. (2.13) is of the form M Ω = u 3/2 (1 + O(ν)). When ν → 0 (i.e., q = m 1 /m 2 → 0) we recover Kepler's law (in a Schwarzschild spacetime).
When working with the dimensionless frequency parameter x = (M Ω) 2/3 , Eq. (2.13) reads
Inserting in Eq. (2.18) the ν-expansion of A, Eq. (1.6), we can straightforwardly compute the ν-expansion of x = u(1 + O(ν)) as a function of u, namely
where
Inverting this functional link then yields
Inserting this expansion in Eq. (2.15) yields the ν-expansion of the function z (x) : x → z, namely
Similarly, inserting the ν-expansion of the function u (x) : x → u, Eq. (2.21), in the expression of the EOB Hamiltonian in terms of u, Eqs. (2.10), (2.12), yields the ν-expansion of the fractional binding energy,Ê = (H − M )/µ, expressed as a function of the frequency parameter x. Its structure is more complicated than that of the function z (x) because it involves a derivative of a 1 already at the O(ν) order [8, 16] . At the O(ν 2 ) order it is quadratic in a 1 and its first and second derivatives. It readŝ
and the O(ν) contribution given by (consistently with [8, 16] )
The expression for the O(ν 2 ) contribution e 2 (x) is much more involved and can be decomposed as e 2 (x) = e 2(0) (x) + e 2(a1) (x) + e 2(a2) (x) , (2.28) with e 2(a1) (x) = e 2(a1) 2 (x) + e 2(a1) 1 (x) and
As a last step, to be closer to what is actually computed in SF theory, we must replace x by (1 + q) 2/3 y and ν by q/(1+q) 2 in order to derive the q-expansion of z(y, q), Eq. (1.7). In doing this transformation we need expansions of the type
Our final result for the coefficients in the SF-expansion (1.7) read
As the function a 1 (u) is accurately known (numerically [16] and analytically [15, 16, 43] ), Eq. (2.34) shows that one can algebraically compute the function a 2 (u) from the knowledge of z 2SF (y).
Let us complete these results by giving the corresponding SF-expansions of the inverse redshift U (y, q) ≡ 1/z(y, q), as well as the SF expansions of the ratios
They read
III. PN EXPANSION OF THE SECOND-ORDER REDSHIFT
The PN-expansion of the Hamiltonian of a binary system is currently fully known through the 4PN level [18] [19] [20] . In addition, some higher PN contributions are known. This is the case for the logarithmic contributions at the 5PN level, see [13] (with corrections given in [7] ), [44] (whose derivation was given in [19] ), and [8] . In particular the 4PN and 5PN logarithmic contributions to the EOB A potential are (see, e.g., Eq. (9.14a) of Ref. [19] )
(3.1) As we see, while the 4PN-level logarithmic contribution to A is linear in ν, the 5PN-level logarithmic contribution is quadratic in ν. Let us recall in this respect that remarkable cancellations take place in the ν-dependence of the EOB A potential. Indeed, while, for instance, the PN expansion of the fractional binding energy,Ê = (H − M )/µ, expressed as a function of the frequency parameter x, has a nonlinear dependence on ν which starts already at the 2PN level, say (without indicating the logarithmic running of the 4PN terms) [18] E(x; ν) = − 1 2
the EOB potential A stays linear in ν through the 3PN level [3] , and features (only) a O(ν 2 ) nonlinearity at the 4PN level [14] 2 A(u; ν) = 1 − 2u + 2νu 3 + νa 4 u 4 + (νa
3) In view of Eq. (2.34), this immediately indicates that the first new information contained in the 2SF redshift z 2SF (y) will start with the nonlogarithmic 5PN contribution, i.e., z new 2SF (y) ∝ y 6 (see below for its explicit parametrization). [We do not discuss here the PN expansion of the first-order SF terms a 1 (u) or z 1SF (y) which are analytically known to high PN orders [15, 43] , and numerically known up to u = Let us also mention that Ref. [17] has argued that the first PN contribution to A(u; ν) that is cubic in ν will start at the 6PN order, i.e. that a 3 (u) = O(u 7 ), and that the first PN contribution that is quartic in ν will start at the 8PN order, etc. This indicates that the knowledge of the 2SF redshift (which gives, in principle, access to the function a 2 (u)) gives also access to many low-order contributions in the ν expansion of the functionÊ(x; ν).
Some information is known about the 2SF contributions to the half-integer 5.5PN level. Indeed, while the 1SF derivations of the 5.5PN-level contribution to the redshift [17, 45] do not give any information about the 2SF level, the corresponding PN-based derivations [19, 46] , especially that of the latter reference which directly computed the 5.5PN-level contribution to the A potential (see Eq. (9.32) in [19] ), show that it is linear in ν, namely On the other hand, it is not clear to us whether the PN derivation of the 6.5PN nearzone metric, and associated redshift, in Ref. [47] Here we decomposed the 2SF contributions into their analytically known parts (coming from a 1 (y), the analytically known part of a 2 (u), and the last, explicit, term in Eq. (2.34)), and the parts coming from the analytically unknown part of a 2 (u).
We have checked that the 4PN contribution to z a2−known 2SF (y) written above (as well as the full 4PN contribution to z (x) (x) defined by Eqs. (2.23), (2.24) above) is consistent with the 4PN expansion of z (x) (x) derived in Ref. [33] from the 4PN results of [14, 50] .
IV. EXPECTED LIGHTRING BEHAVIOUR AT THE 2SF LEVEL
Ref. [16] discovered that, at the 1SF level, several functions of dynamical significance had a singular behaviour at the lightring (LR), i.e., when u → 1/3 or y → 1/3. In particular, the ratios U 1SF (y) = √ 1 − 3y U 1SF (y) and z 1SF (y) = z 1SF (y)/ √ 1 − 3y behave as
, and, where we introduced the notation
for the 1SF specific energy of a test particle in a Schwarzschild spacetime. Near the LR, i.e., as y →
3
− , E(y) → +∞. As explained in [16] , this result is (essentially) deriving from the fact that the 1SF metric perturbation qh 1SF µν (x) (at a generic field point) is sourced not only by the mass m 1 , but, more precisely, by the energy m 1 E of the particle 1. Then, the fact that u 0 = −g 00 E explains why h µν u µ u ν blows up like the cube of 3 E.
Pound [38] has derived several expressions for U (y) at the 2SF accuracy. It seems that his Eq. (101) is the most relevant here. It reads (using his notation)
Here, h R1 µν and h R2 µν are (respectively) precisely defined versions of the regularized 1SF and 2SF metric perturbations (for use in a specific 2SF scheme). We therefore expect that h R1 µν will be proportional to qE(y) and h
R2 µν
(whose source is quadratic in h R1 µν ) to qE 2 (y). We then expect that the four metric-dependent contributions on the rhs of Eq. (4.3) will essentially behave (near the LR) as
, (4.4) so that the dominant behavior near the LR will be
as well as
Let us note in passing that the LR behaviors (4.5) and (4.6) are consistent with the conclusion of Section VII B of Ref. [16] that the condition for the numerical validity of the SF expansion as one approaches the LR is qE 3 ≪ 1 (see Eq. (112) in Ref. [16] ). It would be interesting to probe the LR behavior of U 2SF (y) and z 2SF (y) and confirm the expected behavior U 2SF (y) ∼ z 2SF (y) ∼ E 6 (y). Assuming this LR behavior, let us now turn to our EOB expressions for U 2SF and z 2SF in terms of the EOB potentials a 1 (u) and a 2 (u). We first recall that [16] found the LR behavior
consistently with z 1SF ∼ E 3 and the link
We can correspondingly rewrite the second equation 
If we insert in Eq. (4.10) the estimates z 2SF ∼ E 6 , 1 − 3y ∼ E −2 , we find that the unknown, z 2SF -related, contribution to a 2 is expected to behave as E 4 near the LR. By contrast, using also the estimates a 1 (y) ∼ E(y) and a ′ 1 (y) ∼ E 3 (y), we see that the various contributions to a known 2 (y) (rhs of Eq. (4.10)) respectively behave, near the LR, as E 6 , E 4 , E 4 , E 4 and E 4 . We therefore conclude that, near the LR (as E → ∞) we have
In particular, as the LR behavior of a 1 (y) is [16] 12) where the numerical value of ζ is [16, 26] ζ ≈ 1.0055 (5) , (4.13)
we conclude that the leading-order singularity of a 2 (y) at the LR is
(4.14)
Note that Eq. (4.14) predicts that a 2 (y) will tend to −∞ as y → (1/3) − . [A similar prediction was made at the end of Section VII in [16] , with, however, an expected milder LR singularity ∝ (1 − 3y) −2 .] On the other hand, the lowest-order PN contribution to a 2 (y) (which comes from the 4PN level) is also negative, namely We then expect a 2 (u) to monotonically decrease towards −∞ as u varies between 0 and 1/3. One can heuristically try to guess the way a 2 (u) will interpolate between the leading-order PN behavior (4.15) and the LR behavior (4.14) by considering the doubly rescaled function
As y varies between 0 and 
V. CONCLUSIONS
Let us summarize our main results. We have shown how EOB theory (together with the first law of binary dynamics) yields a simple, exact expression for the dependence of the redshift z = z 1 of a (nonspinning) mass m 1 , in circular orbit around a nonspinning mass m 2 , on the EOB gravitational potential u = (m 1 + m 2 )/R, in terms of the main radial EOB function A(u; ν), see Eq. (2.15). Using the latter expression, together with standard results of EOB theory, we derived in Eq. (2.34) the explicit relation between the secondorder redshift function z 2SF (y) (defined by Eq. (1.7) ) and the O(ν 2 ) contribution a 2 (u) to the EOB A(u; ν) potential (Eq. (1.6) ). Eq. (2.34) shows how to algebraically compute the function a 2 (·) from z 2SF (y) (and a knowledge of a 1 (u)). For the convenience of the self-force community, we have also given the explicit relations between the various avatars [z 2SF (y), z 2SF (y), U 2SF (y), U 2SF (y)] of the second-order redshift, see Eqs. (2.35), (2.36) .
After recalling the remarkable cancellations taking place in the ν-dependence of A(u; ν) (which starts being nonlinear in ν only at the 4PN level), we have considered the PN expansion of the second-order redshift and separated it into known and unknown parts. We emphasized that the known part (written in Eq. (3.9)) goes even beyond the 4PN level, as it includes the 5PN logarithm and the 5.5PN contribution. We expect that the known part z known 2SF (y), Eq. (3.9), will give a good fit of the data over a large range of frequency parameter y. We suggest to then interpret the upcoming 2SF data in terms of the difference z numerical 2SF (y) − z known 2SF (y) (or some of its avatars) so as to directly extract the unknown parameters a When going beyond the PN regime and exploring the strong field behavior of z 2SF (y) one will need, according to Eq. (2.34), to use an accurate global analytic representation of the function a 1 (·) in order to compute and subtract the a 1 -dependent contributions to z 2SF (y). We recall in this respect that such accurate global analytic representations were given in Section II B of Ref. [16] (notably model 14 there).
We finally speculated on the LR singular behavior of both the various redshift functions and of a 2 (u). [We leave to future work the 2SF generalization of the study of Ref. [16] , namely the construction of a non-DamourJaranowski-Schäfer-gauge version of the EOB Hamiltonian that is explicitly regular at u = (4.14) to hold for the 2SF contribution a 2 (u) to the EOB A potential. We also expect a 2 (u) to monotonically decrease from 0 to −∞ as u increases from 0 to Let us finally mention that while the relations linking z(y; q) to A(u; ν) we derived above should have a general validity, their application to the real conservative dynamics of binary systems depends on the precise definition that will be made in the second-order self-force computations. As explained, e.g., in [40] , and recently, in the Appendix of [20] , we personally favor the usual Fokker-like definition of conservative dynamics based on the iterative use of a time-symmetric Green-function. We therefore recommend that, when computing the redshift, both the 1SF metric perturbation h 1SF µν , and the 2SF one h 2SF µν , be computed by using the time-symmetric Greenfunction G sym (in the background spacetime). [As indicated in the Appendix of [20] , this choice might avoid infrared problems; though this issue clearly deserves a study of its own.] It is not clear to us that the prescriptions stated in [38] coincide with this iterated-G sym one, nor it is clear that they will define, in general, a Hamiltonian evolution. correction to the EOB main radial potential
We explicitly give here the coefficients of the beginning of the PN expansion of the O(ν) EOB radial potential a 1 (u). They were obtained through the 9.5 PN level (i.e. through u 10.5 ) in Ref. [15] . Soon after, Ref. [43] computed the PN expansion of the related quantity U 1SF (y) through the 22.5PN level, i.e. through u 23.5 . Below, we reproduce the analytical results of Ref. [15] , and complete them (analytically for the u 11 term, and numerically beyond that) by transcribing the results of Ref. [43] in terms of a 1 (u). Up to order O(u 11 ) we list the analytical values of the coefficients a n of a 1 (u) = n≥3 a n (ln u)u n (appropriately decomposed into powers of ln u, according to a n (ln u) = a 
